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We determine the three-body bound states of an atom in a Fermi mixture. Compared to the
Efimov spectrum of three atoms in vacuum, we show that the Fermi seas deform the Efimov spectrum
systematically. We demonstrate that this effect is more pronounced near unitarity, for which we give
an analytical estimate. We show that in the presence of Fermi seas, the three-body bound states
obey a generalized discrete scaling law. For an experimental confirmation of our prediction, we
propose three signatures of three-body bound states of an ultracold Fermi mixture of Yb isotopes,
and provide an estimate for the onset of the bound state and the binding energy.
I. INTRODUCTION
In a seminal paper, Ref. [1], Efimov showed that three
bosons that interact attractively in vacuum via short-
range interactions form three-body bound states at in-
teraction strengths that are not yet sufficient to support
two-body bound states. He also showed that the num-
ber of the three-body bound states is in principle infinite,
and that there is a geometric scaling law that governs the
bound states [2–7]. Technical advances in the trapping
and cooling of atoms [8, 9] as well as in the Feshbach
resonances [10, 11] have led to the observation of the Efi-
mov effect in ultracold atomic gases [12–17] and helium
beams experiments [18, 19]. Excited three-body bound
states were observed [14, 20], and the Efimov scaling law
was confirmed. The Efimov effect was also generalized
to more than three particles [5, 21]. It was shown that
for a critical mass ratio three fermions and a lighter par-
ticle form a four-body bound state [22]. The four-body
bound states of two heavy and two light bosons for dif-
ferent mass ratios was investigated in Ref. [23]. The for-
mation of a five-body bound state in fermionic mixtures
was discussed in Ref. [24].
Recently, we demonstrated the formation of three-
electron bound states in conventional superconductors,
and showed that the trimer state competes with the for-
mation of the two-electron Cooper pair [25]. For that, we
modeled the interaction between two particles “i” and
“j” as a negative constant gij in momentum space for an
incoming and outgoing momentum of a particle smaller
than a cutoff Λi, following the reasoning of the Cooper
problem [26]. We fixed the cutoffs by a typical value of
the Debye energy in a conventional superconductor [25].
In this paper we determine the three-body bound states
of an atom in a Fermi mixture for contact interactions.
To describe contact interactions we take the limit of the
cutoffs Λi to infinity. We show that this model is sep-
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arable [27], leading to a system of two coupled integral
equations. This model enables us to calculate the three-
body bound-state spectrum in the presence of Fermi seas.
In this work, we consider a cold-atom system of Fermi
mixtures. We assume a density of the species, labeled
“2”, that interacts attractively with another species of
the same density, labeled “3”. We assume that the two
species “2” and “3” are in different internal states. Next,
we include an additional atom, labeled “1”, that inter-
acts attractively with the other atoms via contact inter-
actions; see Fig. 1. In general, the three masses m1, m2,
and m3 can be different, but we are primarily interested
in the case m3 = m2. We assume that atom “1” is a
fermion. A similar analysis can be applied when it is a
boson. The species “2” and “3”define the Fermi seas with
the Fermi momentum kF . This imposes the constraints
k2 > kF and k3 > kF on the momentum of atoms “2”
and “3”, respectively. We also assume that the inter-
atomic distances, proportional to 1/kF , are much larger
than the range of the atomic interactions. With this,
we neglect the many-body effects on the formation of a
three-body bound state within the interatomic distances.
For contact interactions we introduce the s-wave scatter-
ing lengths as it relates to the contact interaction in its
regularized form. We also define a three-body parameter,
Λ, in order to regularize the range of the three-body in-
teractions and to prevent Thomas collapse [28]. This pa-
rameter defines a length scale of the range of the atomic
interactions using the van der Waals length [5, 29, 30].
We calculate the three-body bound states for different
mass ratios. We provide an analytical description of the
lowest-energy two-body bound states and the two-body
continuum, and find the three-body bound-state solu-
tions numerically. For a noninteracting mixture, g23 = 0,
we provide an analytical formula for the onset of the
lowest-energy two-body bound state at zero energy. For
a high mass ratio m2/m1, where the excited three-body
bound states appear, we also find an analytical esti-
mate for the onset of a highest-energy excited three-body
bound state at zero energy. With this, we can estimate
the amount of the shift that the spectrum undergoes near
unitarity due to the Fermi seas. Further, for our system
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2Figure 1. Sketch of an atom in a Fermi mixture. All species
interact attractively via contact interactions. Species “2” and
“3” are a Fermi mixture, and atom “1” can in general be a
boson or fermion. The interaction strengths are shown by
three negative constants g12, g13, and g23. The species “2”
and “3” are assumed to be in different internal states and
m3 = m2. The density of each species “2” and “3” is ntot/2,
defining an inert Fermi sea with the Fermi momentum kF =
(3pi2ntot)
1/3. The interatomic distances are proportional to
1/kF .
and interaction model we demonstrate that a generalized
scaling law governs the three-body bound states in the
presence of Fermi seas. Finally, we propose three experi-
mental scenarios in an ultracold system of fermionic mix-
tures of Yb isotopes to observe three-body bound states
in the presence of Fermi seas. Here the 171Yb isotopes,
that are in two different internal states, constitute the
Fermi seas, and interact attractively with 173Yb. We pre-
dict the onset of the three-body bound states and provide
an estimate for the threshold energy.
This paper is organized as follows. In Sec. II we pro-
vide the main formulation of the problem for contact in-
teractions, and derive a system of two coupled integral
equations describing an atom in a Fermi mixture. In Sec.
III we represent our results for two- and three interacting
pairs in the presence of Fermi seas, and demonstrate a
generalized scaling law governing the three-body bound
states. Here we also derive an analytical estimate to de-
scribe the effect of the Fermi seas near unitarity. In Sec.
IV we present three experimental signatures of a three-
body bound state in an ultracold Fermi mixture of Yb
isotopes. Finally, in Sec. V we present our concluding
remarks.
II. FORMULATION OF THE PROBLEM
The Schro¨dinger equation for a system of three atoms
in momentum space is
(
~2k21
2m1
+
~2k22
2m2
+
~2k23
2m3
+ Uˆ12 + Uˆ13 + Uˆ23 − E
)
ψ = 0,
(1)
where ~ is the reduced Planck’s constant, mi and ki is
the atom mass and momentum, respectively, E is the
energy, and ψ = ψ(k1,k2,k3) is the wave function. We
consider the interaction Uˆij between the atom “i” and
“j”, i, j = 1, 2, 3 and i 6= j, as
Uˆijψ = gijθΛi(ki)θΛj (kj)
ˆ
d3q
(2pi)3
θΛi(ki−q)θΛj (kj+q)ψ,
(2)
where q is the momentum transfer [31] and gij < 0 is the
interaction strength; see Ref. [25]. The resulting opera-
tors Uˆijψ are given in Appendix B. The cutoff function
θa,b(k) for two real numbers 0 6 a < b is defined as
θa,b(k) =
{
1 for a 6 |k| 6 b,
0 otherwise,
(3)
and θb(k) ≡ θ0,b(k). Here we consider three-body bound
states with vanishing total momentum. We also consider
a singlet state for the species “2” and “3” in the following.
The Fermi seas demand the constraints k2 > kF and
k3 > kF on the momentum of the atoms “2” and “3”,
respectively. The threshold energy of the bound states is
Ethr =
~2
m2
k2F = 2EF , (4)
where EF denotes the Fermi energy andm3 = m2. To de-
scribe contact interactions we take the limit of the cutoffs
Λi and Λj to infinity. We introduce the s-wave scattering
length, aij , using the following regularization identity:
2pi~2
µij
1
gij
+
2
pi
Λj ≡ 1
aij
as Λj →∞, (5)
for i, j = 1, 2, 3 and i 6= j; see Appendix A. Here, µij is a
reduced mass, 1/µij = 1/mi+1/mj , m3 = m2, and Λi ∼
Λj . Next, we define Λ as the three-body parameter that
fixes the range of the atomic interactions and regularizes
the three-body bound states [5, 29, 30]. We also define a
length scale, rD, as
rD =
1
Λ
. (6)
The value of Λ is chosen such that Λ  kF , implying
that rD  1/kF . With this, we neglect the many-
body effects on the formation of a three-body bound
state. We determine rD as the range of the atomic in-
teractions, which we take as the van der Waals length,
3Figure 2. Energy E = 2µ12E/~2 in units of r−2D vs rD/a23 for
three interacting pairs, where m2/m1 = 1 and a12 ≈ −36rD.
The red curves show the solution in vacuum, kF = 0. The
blue curves show the result in the presence of Fermi seas,
kF rD ≈ 0.17. The single blue curve is the three-body bound-
state solution for kF 6= 0. The gray dashed curves are
the lowest-energy two-body bound-state solutions of the two-
body continuum in vacuum, cf. Eq. (A11), and in the pres-
ence of Fermi seas; cf. Eq. (15). The onset of the two-body
bound-state continuum is shifted towards negative values of
a23. The onset of the three-body bound state is pushed to-
wards positive values of a23. The dependence of the trimer
energy on a23 is modified noticeably.
`
(vdW)
ij =
1
2 (2µijC6/~
2)1/4, where C6 is a dispersive coef-
ficient associated with the polarizability of the electronic
cloud of the atoms [5, 11, 32–35]. We also assume that
the range of the interactions is much larger than the
Compton wave length of the particles, rD  λC, imply-
ing that relativistic corrections to the three-body bound-
state spectrum can be neglected. In what follows, we
refer to a two-body bound state of atoms “i” and “j” as
a dimer-ij, and to a three-body bound state of atoms “i”,
“j” and “l” as a trimer-ijl. We also refer to a two-body
bound state of species “2” and “3” as a Cooper pair for
kF 6= 0, and as a dimer-23 for kF = 0.
We note that the interaction model (2) is separable, as
shown in Appendix B. This constitutes a system of the
two coupled integral equations of the functions F1 and
F2:
Ω12(g12,k2; kF , E)F2(k2) =ξ1(k2;F2) + ξ2(k2;F1), (7)
Ω23(g23,k1; kF , E)F1(k1) =ξ3(k1;F2). (8)
The two functions Ω12 and Ω23 describe the two-body
bound state continuum, dimers-12 and dimers-23, respec-
tively:
Ω12(g12,k2; kF , E) =
1
g12
+
ˆ
d3p3
(2pi)3
K1(k2,p3;E), (9)
Figure 3. Energy E = 2µ12E/~2 in units of r−2D vs rD/a12
for g23 = 0 and m2/m1 = 1. The single red curve is the
three-body bound-state solution for kF = 0, and the single
blue curve is the solution for kF rD ≈ 0.02. The gray dashed
curves are the lowest-energy two-body bound states of the
two-body continuum in vacuum, cf. Eq. (A11), and in the
presence of Fermi seas; cf. Eq. (17). The Fermi seas push the
onset of the two-body bound-state continuum as well as the
onset of the three-body bound state to positive values of a12.
Ω23(g23,k1; kF , E) =
1
g23
+
ˆ
d3p3
(2pi)3
K3(k1,p3;E), (10)
where for contact interactions we use the regularization
relation (5) to introduce the s-wave scattering lengths.
The three functions ξ1, ξ2, and ξ3 describe the coupling
of a pair to the third atom within the range of the length
scale rD that is introduced by the three-body parameter
Λ:
ξ1(k2;F2) = −
ˆ
d3p˜3
(2pi)3
K˜1(k2, p˜3;E)F2(p˜3), (11)
ξ2(k2;F1) = −
ˆ
d3p˜1
(2pi)3
K˜2(k2, p˜1;E)F1(p˜1), (12)
ξ3(k1;F2) = −2
ˆ
d3p˜3
(2pi)3
K˜3(k1, p˜3;E)F2(p˜3); (13)
see Appendix B. The integral kernels Ki and K˜i, i =
1, 2, 3, and also the functions F1 and F2 are represented in
Appendix B. We assume that Fi(k) = Fi(k), implying s-
wave symmetry of the states. We notice that the system
of the integral Eqs. (7) and (8) can be interpreted as the
Skorniakov–Ter-Martirosian equation for the zero-range
limit of the interaction model (2); cf. Ref. [36].
4Figure 4. Energy E = 2µ12E/~2 in units of r−2D vs rD/a12 for g23 = 0. Red curves correspond to Efimov states, kF = 0, and
blue curves are the results for kF rD ≈ 0.01: (a) m2/m1 ≈ 6.64, (b) m2/m1 ≈ 22.26. As the mass ratio m2/m1 increases,
excited three-body bound states appear. A zoom on the region where a highest-energy excited three-body bound state emerges
is depicted in Fig. 5.
III. RESULTS
The coupled integral equations (7) and (8) describe
three interacting pairs. For contact interactions and s-
wave symmetry of the states we calculate the two func-
tions Ω23 and Ω12 analytically; see Appendices C and
D. These functions describe the lowest-energy two-body
bound states and the two-body continuum, dimers-23
and dimers-12, respectively. Next, for a given value of
the three-body parameter Λ kF we evaluate the func-
tions ξ1, ξ2, and ξ3 numerically, and solve the system of
the integral Eqs. (7) and (8) in order to find the three-
body bound-state solutions. For that, we discretize the
interval (kF ,Λ), and evaluate each integral as a trun-
cated sum following the Gauss-Legendre quadrature rule
[37–40]. We construct the corresponding matrix equation
and calculate the eigenvalues for different values of energy
E 6 Ethr, resulting in the s-wave scattering lengths a23
and a12. We find the values of the functions F1 and F2
at the grid points as the corresponding eigenvectors; see
Appendix E. We note that the two-body bound states ap-
pear as continuum states, whereas the three-body bound
states appear at discrete energy levels.
For three interacting pairs and for a fixed value of a12,
Fig. 2 shows the energy as a function of the inverse s-
wave scattering length 1/a23 for m2/m1 = 1, and com-
parison with the result for kF = 0. It reveals a deforma-
tion of the Efimov spectrum in the presence of Fermi
seas. We notice that for vanishing kF , the two-body
bound-state continuum emerges at unitarity, a23 → ±∞,
whereas the presence of Fermi seas expands the region of
the two-body bound states to negative values of a23. The
single red and blue curves show the three-body bound-
state solution for kF = 0 and kF 6= 0, respectively. For
kF 6= 0 the three-body bound state emerges at a larger
value of |a23| at E = Ethr, and converges asymptotically
to the three-body bound-state solution in vacuum. As
a general tendency, the effect of the Fermi seas is more
pronounced as we approach unitarity. Our results are
consistent with Refs. [41–44], which explore different,
but related scenarios.
To find an analytical solution of the lowest-energy
two-body bound state, Cooper pair-23, we note that for
g12, g13 = 0 the system of the integral Eqs. (7) and (8)
reduces to
1
g23
+ lim
Λ2→∞
ˆ
d3p3
(2pi)3
θkF ,Λ2(p3)
~2
m2
p23 − E23
= 0, (14)
where E23 < 0 is the bound-state energy of the Cooper
pair. We use the regularization relation (5) and solve Eq.
(14) for s-wave symmetry of the states, resulting in
1
a23
=
2
pi
kF +
2
pi
√
−E23 arctan
(√−E23
kF
)
, (15)
where E23 = 2µ23E23/~2 and µ23 is a reduced mass,
1/µ23 = 1/m2 +1/m3 = 2/m2; see gray dashed curves in
Fig. 2. Far from the resonance, the Cooper-pair solution
for kF 6= 0 converges asymptotically to the lowest-energy
two-body bound state in vacuum, 1/a23 =
√−E23, de-
scribed by Eq. (15) as kF → 0.
For a noninteracting mixture, g23 = 0, Eq. (8) has no
effect anymore. For s-wave symmetry of the states the
integral Eq. (7) reduces to
Ω12F2(k2) =− 1
2pi µ12m1 k2
ˆ Λ
kF
dp˜3 p˜3
× ln
(
p˜23 +
2µ12
m1
k2p˜3 + k
2
2 − E
p˜23 − 2µ12m1 k2p˜3 + k22 − E
)
F2(p˜3),
(16)
5Figure 5. A zoom on the plot of energy E = 2µ12E/~2 in units of r−2D vs rD/a12 for (a) m2/m1 ≈ 6.64 corresponding to
Fig. 4(a), and (b) m2/m1 ≈ 22.26 corresponding to Fig. 4(b). Both panels show the region where a highest-energy excited
three-body bound state emerges. The red vertical arrow locates the onset of a highest-energy excited three-body bound state
at zero energy, given by Eq. (19). The black vertical arrow locates the onset of the lowest-energy two-body bound state at zero
energy, given by Eq. (18).
where E = 2µ12E/~2, E is the energy of the three-body
bound state, and µ12 is a reduced mass, 1/µ12 = 1/m1 +
1/m2; see Appendix D. The analytical calculation of the
function Ω12 is given by Eq. (D4). We solve the integral
Eq. (16) numerically, using the Gauss-Legendre quadra-
ture rule; see Appendix E. Figure 3 shows the result for
vanishing and nonvanishing kF , where m2/m1 = 1. In
the presence of the Fermi seas, the onset of the three-
body bound state is pushed to positive values of a12, and
the three-body bound-state solution converges asymptot-
ically to the corresponding Efimov state in vacuum.
We note that for a given value of kF , as we increase the
mass ratio m2/m1, excited three-body bound states ap-
pear [45]. Figure 4(a) shows the result for m2/m1 ≈ 6.64,
where two excited additional three-body bound states
are visible. In Fig. 4(b) we increase the mass ratio
to m2/m1 ≈ 22.26, and obtain three excited three-body
bound states. The red curves in Fig. 4(a) and Fig. 4(b)
show the result in vacuum, which are the Efimov states.
The blue curves show the result in the presence of Fermi
seas. Near unitarity the Fermi seas have a noticeable in-
fluence on the spectrum. Far from the resonance and for
low energies, the effect of the Fermi seas is negligible. In
the presence of the Fermi seas the translational invariance
is broken, and the Efimov scaling law in vacuum does not
hold anymore, which we discuss in the following.
For g23 = 0 we describe the two-body bound-state con-
tinuum, dimers-12, by solving
Ω12(a12, k2; kF , E12) = 0, (17)
where Ω12 is given by Eq. (D4), E12 = 2µ12E12/~2, and
E12 is the energy of the dimers-12. For the lowest-energy
dimer-12 we solve Eq. (17) as k2 → kF . The result
converges asymptotically to the lowest-energy two-body
bound-state solution in vacuum; see gray dashed curves
in Fig. 3 for m2/m1 = 1. At zero energy we find an
analytical estimate for the onset of the the lowest-energy
two-body bound state. For that, we solve Eq. (17) as
k2 → kF and E12 → 0, resulting in a critical s-wave
scattering length, a
(c)
12,dimer ≡ a12(E12 = 0):
1
a
(c)
12,dimer
=
kF
pi
[
1 +
1 + 2m2m1
2m2
m1
(1 + m2m1 )
ln
(
1 +
2m2
m1
)
+
pi
2
1
1 + m2m1
√
1 +
2m2
m1
]
. (18)
Equation (18) gives an estimate of the shift to the repul-
sive region of a12 that the lowest-energy two-body bound
state undergoes at zero energy in the presence of Fermi
seas; see black vertical arrows in Fig. 5(a) and 5(b). For
m2  m1 this amount approaches kF /pi.
Moreover, for g23 = 0 and a high mass ratio m2/m1 
1, we find an analytical estimate for the onset of a
highest-energy excited three-body bound state at zero
energy. For that, we note that near the Fermi surface we
can approximate the momentum of the species “2” and
“3” to be around kF but in opposite directions, k2 ∼
−k3. Because we have assumed that the total momen-
tum of the three-body bound state is zero, this results in
the vanishing momentum of the atom “1”, k1 ∼ 0. Next,
we consider the pair-12, where m2/m1  1 and k1 ∼ 0.
With these assumption, the relative momentum of the
pair-12, defined as p12 ≡ [m2/(m1 +m2)]k1− [m1/(m1 +
m2)]k2, approaches zero. We note that the Fermi sur-
face, k2 ∼ kF , can be described in terms of the relative
momentum, p12, and total momentum, P12, of the pair-
12 as |(µ12/m1)P12 − p12| ∼ kF , where P12 ≡ k1 + k2;
see Appendix F. This implies that for m2/m1  1 and
k1 ∼ 0 we can approximate the total momentum of
6Figure 6. Demonstration of the generalized scaling law (20) and (21) for g23 = 0 and m2/m1 ≈ 22.26: (a) energy E = 2µ12E/~2
in units of r−2D vs rD/a12 for kF rD ≈ 0.01, (b) rescaled energy E˜ = 2µ12E˜/~2 in units of r−2D vs rescaled rD/a˜12, for ki 7→ λki,
i = 1, 2, 3, kF 7→ λkF , a12 7→ λ−1a12, E 7→ λ2E, where λ = exp(pi/|s0|) ≈ 4.84998. The red vertical arrow in panel (a) locates
the onset of the (n + 1)-th excited three-body bound state at Ethr = 2µ12Ethr/~2. The red vertical arrow in (b) locates the
onset of the n-th excited three-body bound state of the rescaled spectrum at E˜thr = λ2Ethr. The gray dashed lines in both
panels show the value of Ethr.
the pair-12 to be P12 ∼ (µ12/m1)−1kF . We also note
that for large mass ratios m2/m1, the threshold energy
of the three-body bound state, Ethr = 2µ12Ethr/~2 =
2(1−µ12/m1)k2F , approaches the threshold energy of the
pair-12, E(12)thr = Ethr/2. To find the onset of a highest-
energy excited three-body bound state at E = 0, we
calculate the onset of the lowest-energy pair-12 for to-
tal momentum P12 ∼ (µ12/m1)−1kF and E12 ∼ 0. To
do this, we use the interaction model (2), and write the
Schro¨dinger equation describing the pair-12 for a contact
interaction in terms of the relative and total momenta;
see Appendix F. The solution for P12 → (µ12/m1)−1kF
and E12 → 0 results in an estimate for the critical s-wave
scattering length, a
(c)
12,trimer ≡ a12(E ≈ 0):
1
a
(c)
12,trimer
≈kF
pi
[
1 +
1
4
1
1 + m2m1
ln
(
4(1 +
m2
m1
)
)
−pi
2
1√
1 + m2m1
+
1
2
1
1 + m2m1
 for m2
m1
 1;
(19)
see Appendix F. For a high mass ratio m2/m1  1,
Eq. (19) gives an estimate for the amount of the shift
to the repulsive region of a12 that a highest-energy ex-
cited three-body bound state undergoes at zero energy
in the presence of Fermi seas. Figure 5 reveals a zoom
on the region where a highest-energy three-body bound
state emerges for m2/m1 = 6.64 and m2/m1 ≈ 22.26.
The red vertical arrows locate the critical value (19). For
a very large mass ratio m2/m1, the critical value (19)
eventually approaches kF /pi, converging to the lowest-
energy two-body bound state at zero energy. Equations
(18) and (19) provide a quantitative analysis for the effect
of the Fermi seas on the near-resonant spectrum.
Finally, we elaborate on the observation that the Fermi
seas deform the Efimov spectrum. This effect is more
pronounced as we approach unitarity. As a result, the
Efimov scaling factor that governs the three-body bound
states in vacuum does not hold anymore. Here we show
that a scaling transformation kF 7→ λkF , where λ is the
Efimov scaling factor, gives rise to a generalized scaling
law for our system and interaction model (2). To this
end, we notice that kF 7→ λkF implies a scaling trans-
formation of all momenta as ki 7→ λki, for i = 1, 2, 3.
It also rescales the threshold energy as Ethr 7→ λ2Ethr,
cf. Eq. (4), implying a general scaling transformation of
energy as E 7→ λ2E. To ensure that the system of the
coupled integral Eqs. (7) and (8) remains valid, it re-
quires a scaling transformation of the s-wave scattering
length as a 7→ λ−1a; see Eqs. (C6), (C9), and (D4). This
results in a discrete scaling law for the three-body bound
states in the presence of Fermi seas:
λ
an+1(kF )
=
1
an(λkF )
, (20)
λ2En+1(kF , 1/a) =En(λkF , λ/a), (21)
where n ∈ N is an index labeling the three-body bound
state, λ = exp(pi/|s0|), and the parameter s0, that de-
pends on the mass ratio m2/m1, is determined in Ap-
pendix G. Our finding is in agreement with the result of
Ref. [46]. Figure 6 demonstrates the generalized scal-
ing law (20) and (21) for an atomic system of three
fermions with a noninteracting mixture, g23 = 0, and
m2/m1 ≈ 22.26.
7Figure 7. Visualization of the first scenario for the exper-
imental signature of a three-body bound state in an ultra-
cold fermionic mixture of Yb isotopes. The plot shows the
energy E = 2µ(Yb)E/~2 in units of r−2D vs rD/a23, where
rD ≡ `(vdW)23 ≈ 4.145 nm. The s-wave scattering length of
171Yb and 173Yb is fixed as the value measured via photoasso-
ciation spectroscopy (PAS), a12 = a13 = a
(PAS)
12 ≈ −30.6 nm.
The three-body bound state emerges at a23 ≈ −20.7 nm at
the threshold energy Ethr ≈ 1.10 kHz.
IV. EXPERIMENTAL SIGNATURES
We propose three scenarios to observe three-body
bound states in mixtures of Yb isotopes, in particular
a mixture of 171Yb and 173Yb. In the terminology that
is illustrated in Fig. 1, 173Yb plays the role of species
“1”, and species “2” and “3” are two internal states of
171Yb. The density of each of the 171Yb species is ntot/2,
whereas the density of 173Yb is much smaller. We denote
the s-wave scattering lengths of 171Yb and 173Yb by a12
and a13, and the s-wave scattering length of two
171Yb
isotopes by a23. We also assume that a13 = a12.
As measured via two-color photoassociation spec-
troscopy (PAS), see Ref. [33], 171Yb isotopes are al-
most noninteracting, while the s-wave scattering length
between 171Yb and 173Yb atoms is a
(PAS)
12 ≈ −30.6 nm ≈
−578.23a0, where a0 denotes the Bohr radius [47]. We
note that 171Yb and 173Yb have almost the same atomic
mass, where the reduced mass is µ12 ≈ 85.9657 u [48].
The reduced mass of two 171Yb isotopes is µ23 ≈
85.4682 u [48]. The van der Waals dispersive coefficient,
C
(Yb)
6 , that determines the atomic interaction in a Yb2
molecule is given by Refs. [33, 49]. We calculate the van
der Waals lengths to be `
(vdW)
12 =
1
2 [2µ12C
(Yb)
6 /~2]1/4 ≈
4.151 nm ≈ 78.44a0 and `(vdW)23 = 12 [2µ23C(Yb)6 /~2]1/4 ≈
4.145 nm ≈ 78.33a0. These values fix the correspond-
ing length scales rD. Next, for each internal state we
assume that the density of 171Yb species is ntot/2 =
1
2 × 1017 m−3. We calculate the value of the Fermi mo-
mentum as kF = (3pi
2ntot)
1/3; cf. Ref. [9].
Figure 8. Visualization of the second scenario in which
171Yb and 173Yb are interact attractively, while the two
171Yb species are noninteracting. The plot shows the en-
ergy E = 2µ(Yb)E/~2 in units of r−2D vs rD/a12, where
rD ≡ `(vdW)12 ≈ 4.151 nm and a13 = a12. The onset of the
three-body bound state is at a12 ≈ −3193 nm with the thresh-
old energy Ethr ≈ 1.09 kHz.
We adopt the s-wave scattering length of 171Yb and
173Yb as reported in Ref. [33], i.e., a12 = a
(PAS)
12 ,
and calculate the three-body bound-state solution for
three interacting pairs [50]. Figure 7 shows the three-
body bound-state energy as a function of 1/a23. We
find that the onset of the three-body bound state is
a23 ≈ −20.7 nm ≈ −391.16a0, emerging at the threshold
energy Ethr ≈ 1.10 kHz. As a first experimental sce-
nario, we propose to tune the interaction between two
171Yb isotopes via optical Feshbach resonances [51–55],
across the onset of the three-body bound state, which
should result in increased atomic losses.
As a second scenario we consider two noninteracting
171Yb isotopes, and calculate the three-body bound-state
solution for two interacting pairs 171Yb - 173Yb. Figure
8 shows the energy of the three-body bound state as a
function of 1/a12. It reveals that the three-body bound
state emerges at a12 ≈ −3193 nm ≈ −60336.40a0 at the
threshold energy Ethr ≈ 1.09 kHz. Here the s-wave scat-
tering length a12 is much larger in amplitude than a
(PAS)
12 ,
and the threshold energy is smaller than the value ob-
tained in the first scenario. A three-body bound state is
observed, if the interaction between two 171Yb and 173Yb
is tuned via interisotope Feshbach resonances [56], or via
orbital Feshbach resonances [57, 58].
As a third scenario, if the interaction between two
171Yb and 173Yb isotopes is tuned to a larger value in am-
plitude than a
(PAS)
12 , e.g., a12 = 2a
(PAS)
12 , we find that the
three-body bound state emerges at a23 ≈ −10.4 nm ≈
−196.52a0 with the same threshold energy of the first
scenario; see Fig. 9. Here the value of a12 is much smaller
in amplitude than the value obtained in the second sce-
nario. Also, the value of a23 is smaller in amplitude
than the value found in the first scenario. A three-body
8Figure 9. Visualization of the third scenario. The plot shows
the energy E = 2µ(Yb)E/~2 in units of r−2D vs rD/a23, where
rD ≡ `(vdW)23 ≈ 4.145 nm. The s-wave scattering length of
171Yb and 173Yb is fixed to be a12 = a13 = 2a
(PAS)
12 ≈
−2 × 30.6 nm. The three-body bound state emerges at
a23 ≈ −10.4 nm at the threshold energy Ethr ≈ 1.10 kHz.
bound state is observed, if the interaction between two
171Yb isotopes and also the interaction between 171Yb
and 173Yb are tuned simultaneously.
We note that in all scenarios we have assumed that
the interatomic distances are much larger than the range
of the atomic interactions, 1/kF  rD. The onset of
the three-body bound states might slightly deviate if this
criterion is not met. Here there will be a competition of
171Yb isotopes to form a three-body bound state with
173Yb.
V. CONCLUSIONS
In conclusion, we have demonstrated and character-
ized three-body bound states of a single fermionic atom
interacting with a Fermi mixture of two fermionic species.
For this purpose, we have expanded and elaborated on
a model previously used to determine trimer states in
conventional superconductors, Ref. [25]. We have shown
that the expanded interaction model is separable, lead-
ing to a system of integral equations in momentum space.
Based on these equations we have presented their full nu-
merical solution, as well as analytical solutions of limit-
ing cases. Compared to three atoms interacting in vac-
uum, the presence of the Fermi seas renormalizes the
eigenstates and eigenenergies, in particular near unitar-
ity. Compared the Efimov scaling law of three atoms
in vacuum, we have shown that our system and interac-
tion model obeys a generalized discrete scaling law. We
have also proposed three scenarios to obtain experimental
signatures of the modified Efimov effect in an ultracold
Fermi system of Yb isotopes.
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APPENDIX A. INTRODUCING THE s-WAVE
SCATTERING LENGTHS
We consider the Schro¨dinger equation in momentum
space governing two atoms “A” and “B” in vacuum:
(
~2k2A
2mA
+
~2k2B
2mB
+ UˆAB − EAB
)
φ = 0, (A1)
where mi and ki, i ∈ {A,B}, is the atom mass and
momentum, respectively, EAB is the energy, and φ =
φ(kA,kB) is the wave function. The interaction UˆAB be-
tween the atoms “A” and “B” follows from the interac-
tion model (2). The resulting operator UˆABφ reads:
UˆABφ =gABθΛA(kA)θΛB(kB)
ˆ
d3q
(2pi)3
θΛA(kA − q)
× θΛB(kB + q)φ(kA − q,kB + q), (A2)
where gAB < 0 and q is the momentum transfer [31].
We assume the zero total momentum, kA + kB = 0, and
ΛB = ΛA. Next, we define the variables κi ≡ q + ki,
i ∈ {A,B}, and write the Schro¨dinger Eq. (A1) as
(
~2k2A
2µAB
− EAB
)
φ(kA) =− gABθΛA(kA)
ˆ
d3κB
(2pi)3
× θΛA(κB)φ(κB), (A3)
where µAB is a reduced mass, 1/µAB = 1/mA + 1/mB.
We define
F ≡ −4pi
(
2µAB
4pi~2
gAB
)
θΛA(kA)
ˆ
d3kA
(2pi)3
θΛA(kA)φ(kA),
(A4)
and rewrite Eq. (A3) as
(k2A − EAB)φ(kA) = F , (A5)
where EAB = 2µABEAB/~2.
For EAB > 0 the solution of Eq. (A5) is
φ(kA) = (2pi)
3δ(3)(kA −K) + F
k2A − EAB + iε
, (A6)
9where 0 < ε 1, |K|2 = EAB, and δ(3) denotes the three-
dimensional Dirac delta function. We insert the ansazt
(A6) into Eq. (A4):
F
4pi
(
2µAB
4pi~2 gAB
) =− θΛA(kA)ˆ d3kA(2pi)3 θΛA(kA)[(2pi)3
× δ(3)(kA −K) + F
k2A − EAB + iε
]
.
(A7)
We note that in the zero-energy limit, EAB → 0+, we
have F = −4piaAB, where aAB is the s-wave scattering
length; see Ref. [59]. Next, for contact interactions and
s-wave symmetry of the states, we evaluate Eq. (A7) by
taking the limit of ΛA to infinity:
4pi~2
2µABgAB
+
2
pi
lim
ΛA→∞
ˆ ΛA
0
dkA
k2A
k2A + iε
=
1
aAB
, (A8)
which yields
2pi~2
µAB
1
gAB
+
2
pi
ΛA =
1
aAB
as ΛA →∞. (A9)
In this paper, we use Eq. (A9) as a regularization relation
to introduce the s-wave scattering length. With this, we
can eliminate the ultraviolet divergences due to contact
interactions.
We also notice that for the bound states, EAB < 0, the
solution of Eq. (A5) is
φ(kA) =
F
k2A − EAB
. (A10)
We insert the ansatz (A10) into Eq. (A4), take the limit
ΛA →∞, and use Eq. (A9). This results in
1
aAB
=
√
−EAB; (A11)
cf. Fig. 10. Equation (A11) shows that for contact
interactions the lowest-energy two-body bound state in
vacuum emerges at unitarity, aAB → ±∞, where |EAB| →
0+; cf. Figs. 2 and 3.
APPENDIX B. SEPARABLE INTERACTION
MODEL (2) AND DERIVATION OF THE
SYSTEM OF TWO COUPLED INTEGRAL EQS.
(7) AND (8)
We apply the interaction operators Uˆij , given by Eq.
(2), on the wave function ψ = ψ(k1,k2,k3), and write
the Schro¨dinger Eq. (1) as follows:
(
~2k21
2m1
+
~2k22
2m2
+
~2k23
2m3
− E
)
ψ = −(Uˆ12 + Uˆ13 + Uˆ23)ψ,
(B1)
where
Uˆ12ψ =g12θΛ1(k1)θΛ2(k2)
ˆ
d3q
(2pi)3
θΛ1(k1 − q)
× θΛ2(k2 + q)ψ(k1 − q,k2 + q,k3), (B2)
Uˆ13ψ =g13θΛ1(k1)θΛ3(k3)
ˆ
d3q
(2pi)3
θΛ1(k1 − q)
× θΛ3(k3 + q)ψ(k1 − q,k2,k3 + q), (B3)
Uˆ23ψ =g23θΛ2(k2)θΛ3(k3)
ˆ
d3q
(2pi)3
θΛ2(k2 − q)
× θΛ3(k3 + q)ψ(k1,k2 − q,k3 + q), (B4)
and the cutoff function θ is defined by Eq. (3). The
resulting operators (B2)-(B4) reveal that the interac-
tion operator Uˆ is separable [27]. Next, we define the
variables κi ≡ q + ki, for i = 1, 2, 3, and also as-
sume m3 = m2 and Λ1 ∼ Λ2 = Λ3. We consider the
zero total momentum of the three-body bound states,
ψ(k1,k2,k3) = ψ(k2,k3)δ
(3)(k1 + k2 + k3), where δ
(3)
denotes the three-dimensional Dirac delta function. We
also define three functions F1, F2, and F3 as
F1(k1) =g23
ˆ
d3κ3
(2pi)3
θΛ2(−k1 − κ3)θΛ3(κ3)
× ψ(−k1 − κ3,κ3), (B5)
F2(k2) =g13
ˆ
d3κ3
(2pi)3
θΛ1(−k2 − κ3)θΛ3(κ3)ψ(k2,κ3),
(B6)
F3(k3) =g12
ˆ
d3κ2
(2pi)3
θΛ1(−k3 − κ2)θΛ2(κ2)ψ(κ2,k3).
(B7)
We use Eqs. (B5)-(B7) and rewrite Eq. (B1) as follows:
(
~2(k2 + k3)2
2m1
+
~2k22
2m2
+
~2k23
2m3
− E
)
ψ(k2,k3)
= −θΛ2(k2)θΛ2(k3)F1(−k2 − k3)− θΛ1(−k2 − k3)
×θΛ3(k3)F2(k2)− θΛ1(−k2 − k3)θΛ2(k2)F3(k3).
(B8)
Equation (B8) provides an ansatz for the wave function:
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ψ(k2,k3) = −θΛ2(k2)θΛ2(k3)F1(−k2 − k3) + θΛ1(−k2 − k3)θΛ3(k3)F2(k2) + θΛ1(−k2 − k3)θΛ2(k2)F3(k3)~2(k2+k3)2
2m1
+
~2k22
2m2
+
~2k23
2m3
− E
. (B9)
We take into account the Fermi sea constraints by k2 >
kF and k3 > kF . We also assume g13 = g12. If the species
“2” and “3” are in a singlet state, then F3 = F2. Now
we define p1 ≡ −k2 − κ3, p2 ≡ −k1 − κ3, p3 ≡ κ3, and
rewrite the unknown functions F1 and F2 as follows:
F1(k1) =g23
ˆ
d3p3
(2pi)3
θkF ,Λ2(−k1 − p3)θkF ,Λ2(p3)
× ψ(−k1 − p3,p3), (B10)
F2(k2) =g12
ˆ
d3p3
(2pi)3
θΛ1(−k2 − p3)θkF ,Λ2(p3)ψ(k2,p3).
(B11)
Finally, we choose a three-body parameter Λ kF to fix
the range of the interactions and to regularize the three-
body bound-state solutions. We insert the ansatz (B9)
into Eqs. (B10) and (B11), and arrive at the system of
two coupled integral Eqs. (7) and (8), where the integral
kernels Ki and K˜i, i = 1, 2, 3, are:
K1(k2,p3;E) =
θΛ1(−k2 − p3)θkF ,Λ2(p3)
~2(k2+p3)2
2m1
+
~2k22
2m2
+
~2p23
2m2
− E
, (B12)
K2(k2,p1;E) =
θΛ1(p1)θkF ,Λ2(−p1 − k2)
~2p21
2m1
+
~2k22
2m2
+ ~
2(p1+k2)2
2m2
− E
, (B13)
K3(k1,p3;E) =
θkF ,Λ2(−k1 − p3)θkF ,Λ2(p3)
~2k21
2m1
+ ~
2(k1+p3)2
2m2
+
~2p23
2m2
− E
, (B14)
K˜1(k2, p˜3;E) =
θΛ(−k2 − p˜3)θkF ,Λ(k2)θkF ,Λ(p˜3)
~2(k2+p˜3)2
2m1
+
~2k22
2m2
+
~2p˜23
2m2
− E
,
(B15)
K˜2(k2, p˜1;E) =
θΛ(p˜1)θkF ,Λ(k2)θkF ,Λ(−p˜1 − k2)
~2p˜21
2m1
+
~2k22
2m2
+ ~
2(p˜1+k2)2
2m2
− E
,
(B16)
K˜3(k1, p˜3;E) =
θkF ,Λ(−k1 − p˜3)θΛ(k1)θkF ,Λ(p˜3)
~2k21
2m1
+ ~
2(k1+p˜3)2
2m2
+
~2p˜23
2m2
− E
.
(B17)
APPENDIX C. CALCULATION OF THE
FUNCTION Ω23
For s-wave symmetry of the states we write the integral
kernel K3, given by Eq. (B14), as
K3(k1, p3; E) = p3 ln
(
p23 + k1p3vmax +
µ23
µ12
k21 − µ23µ12 E
p23 + k1p3vmin +
µ23
µ12
k21 − µ23µ12 E
)
,
(C1)
where E = 2µ12E/~2, E is the energy of the three-body
system, vmax and vmin denote the upper- and lower bound
of v ≡ cosϑp3,k1 , respectively, and µ23 is a reduced mass,
1/µ23 = 1/m2 + 1/m3 = 2/m2. For contact interactions
we have:
vmax = min
p3
(
1,
Λ22 − k21 − p23
2k1p3
)
→ 1 as Λ2 →∞, (C2)
vmin = max
p3
(
−1, k
2
F − k21 − p23
2k1p3
)
=

−1, for kF < p3 < k1 − kF
or p3 > k1 + kF ,
k2F−k21−p23
2k1p3
, for k1 − kF < p3 < k1 + kF .
(C3)
Next, without loss of generality we assume that p3 =
p3ez, where ez is the unit vector in the direction of the
z-axis, and calculate the function Ω23 for contact inter-
actions:
Ω23 ≡Ω23(a23, k1; kF , E)
≡ 4pi~
2
2µ23g23
+
1
2µ23
m2
pik1
lim
Λ2→∞
ˆ Λ2
kF
dp3
× p3 ln
(
p23 + k1p3vmax +
µ23
µ12
k21 − µ23µ12 E
p23 + k1p3vmin +
µ23
µ12
k21 − µ23µ12 E
)
. (C4)
To calculate Eq. (C4) we consider two cases. For 0 <
k1 6 2kF we have:
Ω23 =
4pi~2
2µ23g23
+
1
pik1
ˆ k1+kF
kF
dp3 p3
× ln
(
p23 + k1p3 +
µ23
µ12
k21 − µ23µ12 E
1
2p
2
3 + (
µ23
µ12
− 12 )k21 + 12k2F − µ23µ12 E
)
+
1
pik1
lim
Λ2→∞
ˆ Λ2
k1+kF
dp3 p3
× ln
(
p23 + k1p3 +
µ23
µ12
k21 − µ23µ12 E
p23 − k1p3 + µ23µ12 k21 −
µ23
µ12
E
)
. (C5)
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We calculate each integral and use Eq. (5). The result is
Ω23 =
1
a23
− k1
2pi
− kF
pi
+
2
√
κ
pi
[
arctan
( 1
2k1 + kF√
κ
)
− pi
2
]
+
1
pik1
(
(
µ23
µ12
− 1
2
)k21 + k
2
F −
µ23
µ12
E
)
× ln
(
(µ23µ12 − 12 )k21 + k2F −
µ23
µ12
E
µ23
µ12
k21 + kF k1 + k
2
F − µ23µ12 E
)
, (C6)
where κ ≡ (µ23µ12 − 14 )k21 −
µ23
µ12
E . The lowest-energy two-
body bound state, Cooper pair-23, is described by
Ω23(a23, k1 → 0; kF , E → E23) = 0, (C7)
resulting in Eq. (15); cf. Fig. 2.
For k1 > 2kF we have:
Ω23 =
4pi~2
2µ23g23
+
1
pik1
ˆ k1−kF
kF
dp3 p3
× ln
(
p23 + k1p3 +
µ23
µ12
k21 − µ23µ12 E
p23 − k1p3 + µ23µ12 k21 −
µ23
µ12
E
)
+
1
pik1
ˆ k1+kF
k1−kF
dp3 p3
× ln
(
p23 + k1p3 +
µ23
µ12
k21 − µ23µ12 E
1
2p
2
3 + (
µ23
µ12
− 12 )k21 + 12k2F − µ23µ12 E
)
+
1
pik1
lim
Λ2→∞
ˆ Λ2
k1+kF
dp3 p3
× ln
(
p23 + k1p3 +
µ23
µ12
k21 − µ23µ12 E
p23 − k1p3 + µ23µ12 k21 −
µ23
µ12
E
)
. (C8)
We calculate each integral and use Eq. (5), which results
in
Ω23 =
1
a23
− 2kF
pi
− 2
√
κ
pi
[
arctan
( 1
2k1 − kF√
κ
)
+
− arctan
( 1
2k1 + kF√
κ
)
+
pi
2
]
+
+
1
pik1
(
(
µ23
µ12
− 1
2
)k21 + k
2
F −
µ23
µ12
E
)
× ln
(
µ23
µ12
k21 + kF k1 + k
2
F − µ23µ12 E
µ23
µ12
k21 − kF k1 + k2F − µ23µ12 E
)
. (C9)
APPENDIX D. CALCULATION OF THE
FUNCTION Ω12
For a noninteracting mixture, g23 = 0, the system of
the integral Eqs. (7) and (8) reduces to
[
1
g12
+
ˆ
d3p3
(2pi)3
K1(k2,p3;E)
]
F2(k2)
= −
ˆ
d3p˜3
(2pi)3
K˜1(k2, p˜3;E)F2(p˜3), (D1)
where the integral kernels K1 and K˜1 are given by
Eqs. (B12) and (B15), respectively. The cutoff function
θΛ1(−k2 − p3), which appears in K1, imposes an upper
bound, umax, on the angle between the two momenta k2
and p3, u ≡ cosϑp3,k2 :
umax = min
p3
(
1,
Λ21 − k22 − p23
2k2p3
)
→ 1 as Λ1 →∞. (D2)
Next, without loss of generality we assume that p3 =
p3ez, where ez is the unit vector in the direction of the
z-axis. For contact interactions and s-wave symmetry of
the states we write Eq. (D1) as Eq. (16), where
Ω12 ≡Ω12(a12, k2; kF , E)
≡ 4pi~
2
2µ12g12
+
1
2pi µ12m1 k2
lim
Λ2→∞
ˆ Λ2
kF
dp3
× p3 ln
(
p23 +
2µ12
m1
k2p3 + k
2
2 − E
p23 − 2µ12m1 k2p3 + k22 − E
)
. (D3)
Here, E = 2µ12E/~2 and E is the energy of the three-
body system. We calculate the integral (D3), and use
Eq. (5) to obtain:
Ω12 =
1
a12
− kF
pi
+
√
η
pi
[
arctan
(
µ12
m1
k2 + kF√
η
)
− arctan
(
µ12
m1
k2 − kF√
η
)
− pi
]
+
1
4pi µ12m1 k2
×
[(
2(
µ12
m1
)2 − 1
)
k22 − k2F + E
]
× ln
(
k22 +
2µ12
m1
kF k2 + k
2
F − E
k22 − 2µ12m1 kF k2 + k2F − E
)
, (D4)
where η ≡ [1− (µ/m1)2]k22 − E .
APPENDIX E. NUMERICAL SOLUTION OF
THE SYSTEM OF INTEGRAL EQS. (7) AND (8)
Recall that we only consider the isotropic solutions of
Eqs. (7) and (8), i.e., Fi(k) = Fi(k). To solve the system
of the two coupled integral Eqs. (7) and (8) we replace
the three-dimensional integrals over momentum by the
absolute value of each momentum. Next, we calculate the
12
two functions Ω23 and Ω12 analytically; see Appendices
C and D. The analytical results reveal the lowest-energy
dimer state and the two-body bound-state continuum.
We solve the coupled Eqs. (7) and (8) for a given three-
body parameter Λ  kF . For that, we discretize the
integral ranges on the grid points {x(N)j }, j = 1, 2, . . . , N ,
that are the sets of zeros of the Legendre polynomials
PN (x). We approximate each integral by a truncated
sum that is weighted by w
(N)
j :
w
(N)
j =
2
1− [x(N)j ]2
1
[P ′N (x
(N)
j )]
2
, (E1)
where P ′N (x) = dPN (x)/dx [37, 38]. This choice is the so-
called Gauss-Legendre quadrature rule, supporting the
highest order of accuracy among the other quadrature
rules [37].
We apply the Gauss-Legendre quadrature rule on each
integral and construct a matrix equation analog to an in-
tegral equation. For given values of E below the thresh-
old energy (4), we calculate the eigenvalues resulting in
the corresponding values of the s-wave scattering lengths.
The unknown functions F1 and F2 will be obtained as the
eigenvectors of the matrix equations.
APPENDIX F. DERIVATION OF EQ. (19)
The atoms “1” and “2” interact attractively via con-
tact interactions according to Eq. (2). We follow Ap-
pendix B and rewrite the Schro¨dinger equation describ-
ing the pair-12 in terms of the relative momentum, p12 ≡
(µ12/m1)k1− (1−µ12/m1)k2, and the total momentum,
P12 ≡ k1 + k2, as an integral equation:
4pi~2
2µ12g12
= −4pi
ˆ
d3p12
(2pi)3
1
p212 +
µ12
m1
(1− µ12m1 )P 212 − E12
,
(F1)
where E12 = 2µ12E12/~2, E12 is the energy of the pair-12,
and µ12 is a reduced mass, 1/µ12 = 1/m1 + 1/m2. The
Fermi sea demands a constraint on the momentum of the
atom “2”, k2 > kF , which in terms of the relative and to-
tal momenta reads |µ12m1P12 −p12| > kF . This constraint
imposes an upper bound on cosϑp12,P12 . Without loss of
generality we assume that P12 = P12ez, where ez is the
unit vector in the direction of the z-axis.
To solve Eq. (F1) analytically, we assume s-wave
symmetry of the states and consider two cases. For
P12 6 (µ12/m1)−1kF we have:
4pi~2
2µ12g12
=
−1
2µ12
m1
piP12
ˆ kF+µ12m1 P12
kF−µ12m1 P12
dp12 p12
× p
2
12 + (
µ12
m1
)2P 212 − k2F
p212 +
µ12
m1
(1− µ12m1 )P 212 − E12
− 1
pi
ˆ kF+µ12m1 P12
kF−µ12m1 P12
dp12 p
2
12
× 1
p212 +
µ12
m1
(1− µ12m1 )P 212 − E12
− 2
pi
ˆ Λ2
kF+
µ12
m1
P12
dp12 p
2
12
× 1
p212 +
µ12
m1
(1− µ12m1 )P 212 − E12
. (F2)
We calculate each integral, take the limit Λ2 → ∞, and
use Eq. (5). The result is
Figure 10. Energy E = 2µE/~2 in units of R−2 vs R/a for
two equal-mass atoms with a reduced mass µ and the s-wave
scattering length a, where R denotes an arbitrary length scale.
The green curve is the result in vacuum, kF = 0, given by
Eq. (A11). The blue curve shows the result of a Cooper
pair with vanishing total momentum described by Eq. (15),
where both atoms are immersed in an inert Fermi sea with
the Fermi momentum kFR = 1. The red curve is the result
for a pair with the total momentum kF , where one atom is
in vacuum and the other is subject to an inert Fermi sea
with the Fermi momentum kFR = 1; cf. Eqs. (F3) and
(F5). The gray dashed lines show Ethr and Ethr/2, where
Ethr = 2µEthr/~2 = k2F .
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1
a12
=
kF
pi
− 1
pi
√
%
[
arctan
(
kF − µ12m1 P12√
%
)
+ arctan
(
kF +
µ12
m1
P12√
%
)
− pi
]
+
1
4pi µ12m1 P12
×
(
µ12
m1
(
2µ12
m1
− 1)P 212 − k2F + E12
)
× ln
(
µ12
m1
P 212 − 2µ12m1 kFP12 + k2F − E12
µ12
m1
P 212 +
2µ12
m1
kFP12 + k2F − E12
)
, (F3)
where % ≡ µ12m1 (1−
µ12
m1
)P 212 − E12 .
For P12 > (µ12/m1)−1kF we have:
4pi~2
2µ12g12
=− 2
pi
ˆ µ12
m1
P12−kF
0
dp12 p
2
12
× 1
p212 +
µ12
m1
(1− µ12m1 )P 212 − E12
− 12µ12
m1
piP12
ˆ µ12
m1
P12+kF
µ12
m1
P12−kF
dp12 p12
× p
2
12 + (
µ12
m1
)2P 212 − k2F
p212 +
µ
m1
(1− µm1 )P 212 − E12
− 1
pi
ˆ µ12
m1
P12+kF
µ12
m1
P12−kF
dp12 p
2
12
× 1
p212 +
µ12
m1
(1− µ12m1 )P 212 − E12
− 2
pi
ˆ Λ2
µ12
m1
P12+kF
dp12 p
2
12
× 1
p212 +
µ12
m1
(1− µ12m1 )P 212 − E12
. (F4)
We calculate each integral, take the limit Λ2 → ∞, use
Eq. (5), and arrive at:
1
a12
=
kF
pi
+
1
pi
√
%
[
arctan
(
µ12
m1
P12 − kF√
%
)
− arctan
(
µ12
m1
P12 + kF√
%
)
+ pi
]
+
1
4pi µ12m1 P12
×
(
µ12
m1
(
2µ12
m1
− 1)P 212 − k2F + E12
)
× ln
(
µ12
m1
P 212 − 2µ12m1 kFP12 + k2F − E12
µ12
m1
P 212 +
2µ12
m1
kFP12 + k2F − E12
)
; (F5)
see Fig. 10.
As discussed in the text, for m2/m1  1 we estimate
the onset of a highest-energy excited three-body bound
state at zero energy by calculating the onset of the lowest-
energy pair-12. To do that, we expand Eq. (F3) or Eq.
(F5) for m2/m1  1, as E12 → 0 and P12 → (µ12m1 )−1kF ,
which results in Eq. (19).
APPENDIX G. CALCULATION OF THE
PARAMETER s0
The Efimov scaling factor is λ = exp(pi/|s0|), where
the effect of the mass ratio m2/m1 is described by the
parameter s0. For s-wave symmetry of the states, if we
have a system of three species only with two-resonantly
interacting pairs, then s0 is the purely imaginary root of
the transcendental equation
cos
(pi
2
s0
)
=
2
sin 2ϑ
sin(ϑs0)
s0
, (G1)
where ϑ = arcsin[(m2/m1)/(1 + m2/m1)], ϑ ∈ [0, pi/2].
If all three species are resonantly interacting, we obtain
s0 as the purely imaginary root of the equation
[
cos
(pi
2
s0
)
− 2
sin 2ϑ
sin(ϑs0)
s0
]
cos
(pi
2
s0
)
=
8
sin2 2γ
sin2(γs0)
s20
, (G2)
where γ = arcsin{√(m1/m2)/[2(1 +m2/m1)]}, γ ∈
[0, pi/4]. For a proof, see Ref. [5].
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